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Abstract
The dierential algebra on the fuzzy sphere is established applying
Connes’ scheme. The U(1) gauge theory on the fuzzy sphere associ-
ated with this dierential algebra is dened. The local U(1) gauge
transformation on the fuzzy sphere is identied with the left U(N+1)
transformation of the eld, where a eld is a bimodule over the quan-





The concept of quantized spaces is discussed in a variety of elds in physics
and mathematics. From the physicists’ viewpoint, the main motivation for
investigating noncommutative spaces stems from the need of an appropriate
framework to describe the quantum theory of gravity. Recently quantized
spaces are also discussed in connection with M(atrix) theory which has been
proposed as a nonperturbative formulation of string theory[1, 2]. This devel-
opment in string theory supports the idea that the noncommutative structure
of spacetime becomes relevant when constructing the theory of gravitation
at Planck scale.
To describe noncommutative spaces, the noncommutative geometry is
now investigated by many authors and using this framework one can even
consider the dierential geometry of singular spaces like, for example, a 2-
point space which has been shown to provide a geometrical interpretation of
the Higgs mechanism[3].
On the other hand, in order to describe gravity we have to know the
theory of a wider class of noncommutative geometry. In this context, the
class of noncommutative spaces which can be considered as deformations of
continuous spaces is especially interesting. In general, such noncommutative
spaces can be obtained by quantizing a given space with its Poisson structure.
Furthermore, if the original space is compact one obtains a nite dimensional
matrix algebra as a quantized algebra of functions over this space. In this
case, we may consider the deformation as a kind of regularization with the
special property that we can keep track of the geometric structure, a feature
which is missing in the conventional regularization schemes.
In physics the structure of the noncommutative sphere is already known
and has been investigated in a variety of contexts: as an example for a
general quantization procedure [4, 5] (see also for example [6, 7, 8, 10, 11]
and references therein) and in relation with geometric quantization. It is also
discussed as the algebra appearing in membranes [12, 13], in relation with
coherent states [14, 15], and recently in connection with noncommutative
geometry [16, 17, 18]. The same structure also appears in the context of the
quantum Hall eect [19, 20].
In this paper, we investigate the dierential geometry of the fuzzy sphere
and the eld theory on it. Especially, we formulate the U(1) gauge theory on
the fuzzy sphere. The fuzzy sphere is one example in the above mentioned
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class of noncommutative geometry and thus the eld theory on this space is
a very instructive model to examine the ideas of noncommutative geometry.
Besides that, it is a deformation of the sphere obtained by quantization
based on the Poisson structure on S2, and the resulting algebra AN is a
nite dimensional matrix algebra. Thus, what we obtain is a regularized
eld theory on the sphere. From this point of view it is also interesting to
formulate the gauge theory on this noncommutative space.
In order to formulate the local U(1) gauge theory on the fuzzy sphere,
we rst have to dene the dierential algebra based on the above algebra
AN . We apply Connes’ framework of noncommutative dierential geometry
[9] by introducing a spectral triple (AN ,HN , D) proposed recently by the
authors[25], where D is the Dirac operator and HN is the corresponding
Hilbert space of spinors. We analyze the space of 1-forms which corresponds
to the gauge potential and give the 2-forms to dene the eld strength.
This paper is organized as follows. In section 2, we give the denitions of
the Dirac operator, the chirality operator and the spectral triple and discuss
some of their properties. Then we dene the dierential algebra on the
fuzzy sphere. In section 3, the gauge eld and the eld strength are dened
using the dierential algebra. We examine the structure of the U(1) gauge
transformation of the charged scalar eld. Then the invariant actions are
formulated. Section 4 is the discussion.
2 Noncommutative Dierential Algebra
2.1 Algebra of Fuzzy Sphere
The algebra of the fuzzy sphere can be obtained by quantizing the function
algebra over the sphere by using its Poisson structure. For this end we adopt
the Berezin-Toeplitz quantization which gives the quantization procedure for
a Ka¨hler manifold [4, 5]. Applying this method to the function algebra over
the sphere we obtain the algebra AN . AN can be represented by operators
acting on a (N + 1) dimensional Hilbert space FN . The algebra AN can thus
be identied with the algebra of the complex (N + 1) (N + 1) matrices.
The basic algebra to be quantized is the function algebraA1 of the square
integrable functions over a 2-sphere. The basis of this algebra is given by
the spherical harmonics Ylm and the multiplication of the algebra is a usual
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pointwise product of functions. The fuzzy sphere may also be introduced as
an approximation of the function algebra over the sphere by taking a nite
number N of spherical harmonics, where this number N is limited by the
maximal angular momentum fYlm; l  Ng. However with respect to the
usual multiplication this set of functions does not form a closed algebra since
the product of two spherical harmonics Ylm and Yl0m0 contains Yl+l0;m. It
is a new multiplication rule that solves the above described situation and
gives a closed function algebra with a nite number of basis elements. The
resulting algebra AN is noncommutative. We can identify the algebra of the
fuzzy sphere with the algebra of complex matrices MN+1(C) and thus we can
consider it as a special case of matrix geometry [21, 22, 23, 24].
The operator algebra AN and the Hilbert space FN can be formulated
keeping the symmetry properties under the rotation group. We introduce a
pair of creation-annihilation operators ayb; ab (b = 1; 2) which transforms as
a fundamental representation under the SU(2) action of rotation.
[aa; ayb] = 
a
b : (1)
Dene the number operator by N = ayba
b ; then the set of states jv > in the
Fock space associated with the creation-annihilation operators satisfying
Njv >= N jv > ; (2)
provides an N + 1 dimensional Hilbert space FN . The orthogonal basis jk >







where k = 0; :::; N and j0i is the vacuum.
The operator algebra AN acting on FN is unital and given by operators













N(N + 2) = ‘2: (5)
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The algebra of the fuzzy sphere is generated by xi and the basic relation
is
[xi;xj] = iijkxk: (7)
On the Hilbert space FN ,  is constant and plays the role of the "Planck
constant". The commutative limit corresponds to ! 0, i.e., N !1.3
Now let us consider the derivations of AN . Among them, the derivative







[xi; a]  Lia ; (8)
where a 2 AN . These objects are the noncommutative analogue of the Killing
vector elds on the sphere, and the algebra of Li closes. We obtain thus
[Li;xj] = iijkxk ; [Li;Lj ] = iijkLk : (9)
Finally, the integration is given by the trace over the Hilbert space FN .
The integration over the fuzzy sphere which corresponds to the standard










where O 2 AN .
2.2 Chirality Operator and Dirac Operator
We introduce the spinor eld Ψ as an AN -bimodule ΓAN  C
2⊗AN , which
is the noncommutative analogue of the space of sections of a spin bundle.





where each entry is an
3One may take  = 2
N
as in ref.[4]. With this choice, the radius of the fuzzy sphere
depends on N .
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element of AN and we require that it transforms as a spinor under rotation
of the sphere.
Since left multiplication and right multiplication commute, theAN -bimodule
can be considered as a left module over the algebra AN ⊗AoN , where A
o
N de-




o ; xi 2 AN : (11)
The action of a;b 2 AN onto the AN -bimodule Ψ 2 ΓAN is
abo Ψ  a Ψ b : (12)
The Dirac operator and the chirality operator are dened in the algebra
AN ⊗AoN [25], i.e. as 2 2 matrices the entries of which are elements in the
algebra AN ⊗ AoN . The construction of the Dirac operator is performed by
the following steps:
(a) Dene a chirality operator which commutes with the elements of AN
and which has a standard commutative limit.
(b) Dene the Dirac operator by requiring that it anticommutes with the
chirality operator and, in the commutative limit it reproduces the stan-
dard Dirac operator on the sphere.










N is a normalization constant dened by the condition
(γ)
2 = 1 ; (14)
as N = 
2
(N+1) and i (i = 1; 2; 3) are the Pauli matrices. In the commuta-
tive limit, the operator xi can be identied with the homogeneous coordinate




is the standard chirality operator invariant under rotation.[26]
The chirality operator (13) denes a Z2 grading of the dierential algebra
and it commutes with the algebra AN .
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Proposition 1 :








Proof : See ref.[25].4
Note that this Dirac operator is selfadjoint, Dy = D.











i  ijkxjk : (18)








The second condition of (b) concerning the commutative limit of the Dirac
operator is also satised. If we replace each operator i;Ji and γ in eq.(16)














(iiKi + 1) ; (20)
where xi is the homogeneous coordinate of S
2 and Ki is the Killing vector.
Therefore, in the commutative limit this Dirac operator is equivalent to the
standard Dirac operator.
4Note that this Dirac operator is dierent from the one given in ref.[17]. The dierence
is that the operator in ref.[17] contains a product of Pauli matrix and angular momentum
operator, whereas the operator dened here contains a product of i and angular momen-




In order to establish Connes’ triple we have to identify the Hilbert space.
The space of the fermions Ψ 2 AN ⊗C
2 denes a Hilbert space HN with
norm





) g ; (21)
where TrF is the trace over the (N + 1) dimensional Hilbert space FN .
The dimension of the Hilbert space HN is 2(N + 1)2 and the trace over
HN is the trace over the spin suces and over the (N+1)2 dimensional space
of the matrices. Since the Dirac operator is dened in the algebra AN ⊗AoN ,
the trace must be taken for operators of the form abo, with a;b 2 AN , and






oΨKi = 2TrFfagTrFfbg : (22)
Here ΨK is an appropriate basis inHN labeled by an integer K 2 f1; :::; 2(N+
1)2g. The factor 2 on the r.h.s. comes from the trace over the spin suces.
To examine the structure of the Hilbert space we compute the spectrum




Ψjm is a state with total angular momentum j, J
2Ψjm = j(j + 1)Ψjm and
J3Ψjm = mΨjm is the x3 component of the total angular momentum operator
Ji in eq.(17). j and m are half integers and run
1
2
 j  N + 1
2
and
−j  m  j.
Proposition 2 :
The spectrum of the Dirac operator is given by
























xi, Yi = −
1

xoi and (XY) =
P
i XiYi. Using the relations








[L2 −X2 −Y2] ;




In order to evaluate the spectrum we use the representation of the spinor
and substitute
J2 = j(j + 1) and L2 = (j + s)(j + s+ 1) ; (28)
where j  N + 1
2
is a half integer and s = 1
2












(X) + (Y) = j(j + 1)− (j + s)(j + s+ 1)−
3
4
= −s(2j + 1)− 1 : (29)



















(X2 −Y2)2 : (30)




+ 1) we obtain the relation (24). q.e.d.
This spectrum coincides with the classical spectrum of the Dirac operator
in the limit N !1. For nite N , it contains zeromodes. When the angular
momentum takes its maximal value we see that N+ 1
2
= 0. This happens
since there is no chiral pair for the spin N + 1
2
state and therefore this part
must be a zeromode for consistency. We can also conrm this property
by computing: TrH(γ) = 2(N + 1). Since these zeromodes have no classical
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analogue, one way to treat them is to project them out from the Hilbert space.
On the other hand, the contribution of the zeromodes in the integration
is of order 1
N
and thus their contribution vanishes in the limit N ! 1.
Therefore, considering the dierential algebra on the fuzzy sphere as a kind
of regularization of the dierential algebra on the sphere, it is sucient to
take the full Hilbert space HN .
In this way we obtain Connes’ triple (AN ;D;HN). We thus can apply
the construction of the dierential algebra.
2.4 Dierential Algebra
In this section we construct the dierential algebra associated with (AN ;D;HN)
by using Connes’ method [9]. See also [27].
We dene the universal dierential algebra Ω(AN) over AN . An element










    da
(p)
 ; (31)
where p is an integer and a
(k)
 2 AN (k = 0   p) and I is an appropriate
set labeling the elements. da is a symbol dened by the operation of the
dierential d on a 2 AN , which satises Leibnitz rule d(ab) = (da)b+a(db)
for a;b 2 AN , and d1 = 0 for the identity 1 2 AN . We also require
(da) = −da. The Leibnitz rule provides a natural product among the

















    da
(p)
 : (32)
Then, it follows d2! = 0 and the graded Leibnitz rule.






















 ]    [D; a
(p)
 ] : (33)
Recall that AN is dened as an algebra of operators in HN . Then the graded




where J = ker + d ker is the dierential ideal of Ω(AN).
In order to establish the dierential calculus on the Fuzzy sphere, we have
to examine the structure of the dierential kernel J. For this we denote the
kernel of each level as
ker(p)  Ωp(AN) \ ker ; (35)
then the dierential kernel J(p) for the p-form is
J(p) = ker(p) + d ker(p−1) : (36)
Since the elements of the algebra AN are dened as operators in HN ,
ker(0) = f0g, i.e., J(0) = f0g. It means that Ω0D(AN) = AN . The dierential
kernel of the 1-form is J(1) = ker (1) + d ker(0) = ker (1), and thus for any
element a 2 AN the derivative is dened by
(da) = [D; a] : (37)
The space of 1-forms ! 2 Ω1D(AN) can be identied with the operatorse! = (!) :
(Ω1D(AN)) = fe!j e! = X
2I
a[D;b] ; a;b 2 ANg ; (38)
in HN . Thus, with the above identication, the exterior derivative d denes
a map:
d : AN ! M2(C)⊗ (AN ⊗A
o
N) ; (39)
where M2(C) is the algebra of 2 2 complex matrices.
Using the denition of the Dirac operator (15) a 1-form is expressed as
















i j ; (41)
and the components e!k of e! can be rewritten by using the denition (8) of









Here, e!k 2 AN may be considered as the component of a vector eld.
In order to dene the gauge eld action, we also have to dene the 2-form.
For this purpose, we have to compute the dierential kernel J(1) using the
explicit form of the Dirac operator.




where we have used the coordinates x = x1  ix2. Since AN is the algebra
of (N + 1) (N + 1) matrices, corresponding to the (N + 1) dimensional rep-
resentation of the algebra of the angular momentum up to the normalization,
the identity (x)
N+1 = 0 holds.
Proposition 3 : !p;q 2 ker(1), for integers p; q satisfying 1 < p; q < N + 1
and p+ q  N + 2,



















A straightforward calculation yields
L+x
q













(q − 1)) : (45)
Substituting the above relations, and using that xN+1+ = 0, the r.h.s. of
eq.(44) vanishes.
q.e.d.
Since we can construct six dierent elements x which correspond to
the raising (lowering) operators of three dierent directions xj  ixk, where





p+q  N+2 and p; q > 1 also belong to the kernel. The kernel J(1) = ker(1)
is an AN -bimodul generated by the union of all these elements.
Now we are ready to compute the kernel for the 2-forms:
J(2) = ker(2) + d ker(1) (46)
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The contributions from the second term dker1 can be computed using the
above results. Considering again !p;q in eq.(43), we nd that d!p;q is one of
the elements of d ker(1):















































2 + x3 − x
2
3 ; (48)















q −  ; (50)
B(q) = ‘2 +
2
4
(p+ 2q − 3)(q − 1)− x+x− : (51)
This means that (d!p;q) does not vanish for p+ q = N + 2 although !p;q 2
ker(1) for p+ q = N + 2. q.e.d.
Proposition 4 shows that there exist non-trivial dierential kernels which
have to be divided out to dene the dierential algebra ΩD(AN). As in
the 1-form case, we are going to identify the Ω2D(AN) with its represen-
tation (Ω2D(AN)), thus it is sucient to compute the (d ker
(1)), since
(ΩD(AN)) is isomorphic to (Ω
(AN))=(d ker).
Proposition 5 :





j aij where aij 2 AN ; aij = ajig : (52)
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Proof :




[D; a][D;b] : (53)

























The rst term of the last line is zero since
P
 adb 2 ker. The rest gives
X





























Thus, the symmetric part of the i; i0 gives a nontrivial term of d ker since
it is not zero even if
P
 a(Lib) 2 ker
(1).



















































where we have used p+ q = N + 2. Choosing appropriate elements a0;b
0
 2








 can become any element inAN . We
have six independent directions for the symmetric combinations of suces
i; i0 in oi
o
i0 and this is also realized by the six independent directions of
ker(1). Thus we obtain the proposition.
q.e.d.
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Identifying the Ω2D(AN) with its representation (Ω
2
D(AN)), the general









 ] ; (57)
where a
(i)
 2 AN up to (d ker
(1)).
Combining eqs.(53) and (55) we can compute the operation of the deriva-













where we have used the denition of the components e!k in eq.(40). Thus the









fLk e!k0 − Lk0 e!kg − ikk0k00 e!k00 : (59)
3 U(1) Gauge Field Theory
3.1 Vector Field
Using the geometric notions dened in the previous sections, we can now
formulate the U(1) gauge theory on the fuzzy sphere. In the following, we
identify the dierential algebra ΩD(AN) with its representation (Ω

D(AN))
and we do not write the map  explicitly.
First, to formulate the gauge eld theory we dene the real vector eld
A which is a 1-form on the fuzzy sphere. We impose the reality condition
for this 1-form by
Ay = A : (60)





5The hermiticity condition requires the form A =
P










]: This can be again written in the form (61).
14
where a;b 2 AN are appropriate elements. According to the general dis-












For the component eld the reality condition gives
Ak = Ak : (64)
Thus each component of the gauge eld is represented by an (N+1)(N+1)
hermitian matrix.
In the commutative case, we obtain the eld strength of the U(1) gauge
theory by taking the exterior derivative of the 1-form. In the noncommutative




[D; a][D;b] : (65)








Fkk0 = −ifLkAk0 − Lk0Akg − kk0k00Ak00 : (67)
We can show that the above Fkk0 corresponds to the eld strength for
the abelian gauge eld in the commutative limit. To see this, we use the
following correspondence which holds in the commutative limit:
Ak = K

kA and Lk = iKk : (68)
Here A is a gauge eld and K

k (k = 1; 2; 3,  = 1; 2) is the Killing vector
on the sphere with appropriate coordinates , and Kk = K

k@. With the







where F = @A − @A.
Proof : Substituting eqs.(68) to (67), we obtain























k(@A − @A) : (70)
q.e.d.
In the noncommutative case, however, the exterior derivative of the 1-
form dA does not give the eld strength. To discuss the further structure,
we consider the gauge transformation.
3.2 U(1) Gauge Transformation
To formulate the U(1) gauge theory on the fuzzy sphere, we consider here
the U(1) gauge transformation of a charged scalar eld, i.e., a complex scalar
eld [25]. The algebraic object corresponding to the complex scalar eld on






Apparently, the above action is invariant under global U(1) transformation
of the phase
0 = ei : (72)
Following the standard approach, the local U(1) gauge transformation
can be dened if we let the phase ei be a function on the fuzzy sphere. In
the present algebraic formulation this means we multiply an element u 2 AN
on the eld , where unitarity is implemented by
uu = 1 : (73)
When we generalize the transformation, we may take either left or right
multiplication of u on the eld  due to the ordering ambiguity. Here we
take the left multiplication as the U(1) gauge transformation for :
0 = u : (74)
16
Then the transformation of the conjugate eld  =  is given by

0
= u : (75)
Since the algebra AN is isomorphic to the algebra of (N + 1) (N + 1)
matrices, the condition (73) shows that, as a matrix, u is an element of
U(N + 1). In other words, the local U(1) gauge transformation on the fuzzy
sphere in matrix representation is dened as the left U(N+1) multiplication.
Therefore, we dene the covariant derivative rA as
rA = d + A : (76)
Then the gauge transformation of the gauge eld can be dened by requiring
the covariance of rA:
rA0(u) = urA : (77)
This denes the gauge transformation of the gauge eld as
A0 = udu + uAu : (78)
Proof :
The gauge transformation gives
rA0(u) = [D;u] + A
0u
= [D;u] + u[D;] + A0u : (79)
On the other hand
urA = u[D;] + uA : (80)
Since these considerations must hold for any eld , comparing the above
relations we get
[D;u] + A0u = uA : (81)
Using the unitarity of u we get eq.(78). q.e.d.
The above transformation keeps the hermiticity condition (60) and may
be interpreted as the transformation of the U(N + 1) gauge theory on a one-
point space, and thus the eld strength is given by the standard curvature
form [9]
 = dA + AA : (82)
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The covariance is easily shown using the above transformation rule.
0 = dA0 + A0A0
= d(udu + uAu) + (udu + uAu)(udu + uAu)
= u(dA + AA)u = uu ; (83)







where we have used
ii0jjkk0 = iki0k0 − ik0i0k ; (85)
to extract the antisymmetric part of the tensor. The component of the eld
strength is given by
kk0 = −ifLkAk0 − Lk0Akg − kk0k00Ak00 + i[Ak;Ak0] : (86)
3.3 The Action of Gauge Field and Matter
With the above results we are now able to dene the noncommutative ana-
logue of the gauge invariant action.












Both actions are invariant under local U(1) gauge transformation. Thus,
combining these two actions, we obtain the action of the U(1) gauge theory
with scalar matter on the fuzzy sphere. Note that we can also introduce the
gauge coupling constant g by rescaling the gauge eld A to gA.
In order to see the detailed structure of the above actions, we can take a
part of the trace. We perform the trace relating to the opposit algebra and
the spin suces. Then we obtain the action which contains only the elds
A and  and the trace of this action is taken over the Hilbert space FN .
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and ij is the eld strength given in eq.(86).
Proof : Using the expression of the 2-form  by using the components ij
given in eq.(84), we can extract the factors containing the operators of the
opposite algebra and the Pauli matrices. Then, the trace over the elements
































i ; γg ; (92)
which is the factor including the opposite algebra operators and Pauli ma-
trices in the 2-form in eq.(84). Using the above relations together with the
denition of the eld strength in eq.(84), we obtain eq.(89). q.e.d.





(Li + Ai)g : (93)
Since the trace over the Hilbert space FN corresponds to the volume
integration in the commutative limit, the actions SG and SM given in eqs.(89)
and (93), respectively, correspond to the standard action on the sphere in
the limit N !1.
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4 Discussions and Conclusion
In this paper we have formulated the U(1) gauge theory on the fuzzy sphere.
First, the dierential algebra on the fuzzy sphere has been constructed fol-
lowing Connes’ framework of noncommutative dierential geometry. In this
construction we applied the chirality operator and Dirac operator proposed in
ref.[25]. With this choice of chirality operator and Dirac operator the dier-
ential algebra becomes simple. We analyzed the structure of the 1-forms and
2-forms which are necessary to construct the gauge eld action. In ref.[25],
the action of a complex scalar eld on the fuzzy sphere which is invariant
under the global U(1) transformation of the phase of the complex scalar eld
has been formulated. Here, the local U(1) gauge transformation on the fuzzy
sphere is introduced by making the global phase transformation into a local
transformation, i.e. the phase becomes a function over the fuzzy sphere. By
construction, the function over the fuzzy sphere is simply given by elements
of the algebra AN . Thus, the local U(1) gauge transformation is dened by
the multiplication of element u 2 AN satisfying the unitarity uu = 1.
Since the algebra AN is noncommutative, there is an ambiguity of opera-
tor ordering when replacing the global phase by the algebra elements u. We
have chosen the left multiplication. Thus, when we represent the algebra AN
by matrices, the local U(1) gauge transformation is identied with the left
transformation by a unitary (N + 1) (N + 1) matrix. Therefore, the gauge
eld action is analogous to the Yang-Mills action.
The fuzzy sphere is one of the easiest examples of a noncommutative
space. We can consider the U(1) gauge theory on the fuzzy sphere formulated
in this paper as a regularized version of a gauge theory on the sphere. The
gauge theory on the noncommutative sphere is also investigated in ref.[28].
The dierential calculus there is based on the supersymmetric fuzzy sphere
and the structure of the fermion is dierent from the one discussed here.
Thus the structure of the dierential algebra is also dierent. However, this
is not a contradiction since, in principle, there are many types of dierential
algebra associated with the fuzzy sphere algebra, depending on the choice of
the spectral triple.
We can also see an interesting analogue with the M(atrix) theory. The







[xi0 ;Ai]− ii0kAk + i[Ai;Ai0])
2g : (94)
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If we introduce a new eld
fAi = −1

xi + Ai ; (95)
then the eld strength is given by
ij = i[fAi;fAj ]− ijkfAk : (96)






i[fAi;fAj]− ijkfAk2g : (97)
After writing the gauge eld action in the above form, we can make the
following reinterpretation: There is a general theory dened by the matrixfAi and the action (97). The geometry of the base space is then dened by
the vacuum expectation value of the eld fAi given by hfAii = xi . Then the
original gauge eld action can be obtained by expanding the eld around this
vacuum expectation value.
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